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We discuss a new kind of  nonlinear Schr6dinger equation from the viewpoint 
of  prolongation theory. It is shown that the equation possess a Lax pair with a 
3 • 3 matrix structure. It is further demonstrated that by a multiple scale perturba- 
tion of Zakharov et al. it can be reduced to the usual  KdV equation. 

1. I N T R O D U C T I O N  

In the continuing attempt to discover new integrable systems, people 
have taken recourse to various methodologies. Of late a new kind of 
nonlinear Schr6dinger equation has been discussed by Hiroto (19 ) by his 
bilinearization approach. But it has also been demonstrated that many 
equations for which Hiroto 's  method works and N-soliton solutions can 
be obtained are not completely integrable in the sense of  Painlev6 or they 
do not have a Lax pair. One of the most important equations is that of  
Zakharov for ion, acoustic solution (Goldstein and Infeld, 1984; Roy 
Chowdhury and Roy, 1979). For this system both the above statements are 
true. Here we make a prolongation analysis for the new nonlinear Schr6din- 
ger equation whose N-soliton solution was obtained by Hiroto and prove 
that an inverse scattering problem exists for this system with a 3 x 3 matrix 
structure. Finally we try to understand the connection of this new system 
with an earlier integrable case following the approach of Zakharov and 
Kuznetsov (1986) and observe that our equation is connected to the simple 
KdV system via multiple scale perturbation. 

The equation under consideration reads 

-idp,+c~xxq 214'x1% -- 0 (11 
1 - ~btb 2 
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Before proceeding to the detailed analysis, let us note that an equation with 
the same type of nonlinearity but which is Lorentz invariant in two 
dimensions was initially solved by Getamanov, and later such equations 
were discussed in the context of a generalized Lund-Regge system, but 
none of them had this linear dependence on the time derivative or "nonrela- 
tivistic" structure. Let us consider equation (1) along with its complex 
conjugate 

2149xlZ49 * 
i49" + 49* + - -  = 0 (2) 

1 - 4949* 

We then define the basis-independent set of Variables (49x = z, 49* = z*). 
Then equations (1) and (2) are equivalent to the following set of differential 
forms: 

cq = d49 A d t -  z dx  A dt 

ot2 = d49 * A d t -  z* dx  A dt  

_ 2zz '49 _ 
a 5 = id49 A d x - d z  ^ at+l--Z-- ~ ax ̂  dt 

2zz'49" 
a6 = - i  d49 " ^ dx  + dz* ^ dt  + - ~ - g  dx ^ dt 

If we now proceed to search for one-form w, 

o~= d y +  F dx + G dt 

F = F( z ,  z*,  49, 49", y ) ,  G = G(z ,  z*, 49, 49", y )  

such that 

(3) 

(4) 

dto = ~ f i a i  +(@ dx + # dt)  A W (5) 

then it can be very easily observed that there is no nontrivial solution for 
F and G. Such a situation may be seen in other equations, but we have not 
found any other example of  this sort. So we now proceed by considering 
the derived equations for (1) and (2), which are 

2 2 + .  + 6 = 6 , , -  26,,49* 
- i4,x q~.~,x i - - ~ - ~  q)-t 1 - 494* 49 

210x[: 
-~ 216x[26x----~ r 649,)2 (49x49" + 649")6 = 0 (6) 

1 -496"  ( 1 -  

and its complex conjugate. 
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To convert these into differential forms, we define further new basis 
variables 

4,~x=Zx=p, ,~*~ = z~* = p *  (7) 

so that the equivalent set of forms are those given previously and the 
following: 

a 3 = d z ^ d t - p d x ^ d t  

ct4 = dz* ^ dt - p *  dx ^ dt 

a7 = i dz A dx + dp ^ dt 4 __2z* ~bP dx ^ dt 
1-4~4~* 

2zp* ~b 2z2z * 
q - -  d x ^ d t q  - -  d x A d t  

1 -  4~4~ * 1 -  4~4~ * 

2z2z* ~b * ~b dx ^ dt 4 2zz*2 q5 2 
+ (1_  $$*)2 ( i _ - - - - ~ ) 2  d x A d t  

_ . 2z*p~b* . 
a8 = - i  dz* ^ dx + dp* ^ at+l_--L-- ~ ax ^ dt 

2zp*O 2zz  .2 
-~ - -  dx A dt-~ - -  dx A dt 

1 - d c k *  1 - ckck* 

2Z22"t~ .2 2zz* 
+ (1 - ~b~b*) 2 dx ^ d t4  (1 - ~b~b*) 2 dx A dt (8) 

To obtain the prolongation structure we search for a one-form 

t o = d y +  F(cb, c k * , z , z * , p , p * , x ,  t , y )  dx 

+G(~b, ~b*, z, z*, p, p, x, t, y )  dt (9) 

so that the exterior derivative dto remains in the ideal generated by a ~ ( i  = 

I to 8), and 

dto = ~, aiai + ( ~ dx + b dt) ^ w (10) 

Equating coefficients of  basic differential forms, we obtain the following 
equations for the structure of F and G: 

F p = O = F p . ,  F z = i G p ,  F z . = - i G p .  (11) 

If  we now use the further assumption that F and G are not explicitly 
dependent on (x, t), then 

GoZ + G,~.z* + G~p + Gz.p* + i( F~p - Fe~.p*) 
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Also 

So we now set 

+2iFe,-1 z_z*4, 2iFe,. zz*4,* ~ "F f z*4,p 
4,4,* 1-4,4,* zt = / 1 ~ 7 7 ,  

Z2Z* Z2Z*4,*~) ZZ'24,2 I 
1 - 4 , 4 , *  1 - 4 , 4 , *  ( 1  - 4 , 4 , , ) 2  ( 1  - 4 , 4 , * ) ~  J 

_ _  zz .2 z2z*4,* 2 z 'p4,*  ~ __zP*4,* ~ - - +  
+2iF~. 1-4,4,* 1-4,4,* 1-4,4,* (1-4,4,*) 2 

zz'24,4, } + I F ,  G ] = 0  (12) 
(1 _4,4,.)2 

F = = F z . z . = O ,  Gz.p + G~p. = 0 (13) 

F = z A + z * B + D  

G =  z z * M + P N + P * R + z Q + z * S +  T (14) 

Now substituting these in equation (12) and equating various coefficients 
of z 2, zz*, zp, etc., we get 

along with 

2i4,2 A * 2iA 2i4, A o - _ - - ~  e, 
Me,+ 1-4,4,* 1 1-4,4,* 

2i4, '4,A 2i4, '2B 
t- ~-[A, M ] = 0  (15) 

(1 - 4,6*) 2 (1 - 4,4,,)2 

2i4, Be, 2i4, 2 2i4,2A 
Me,.q- 1-4,4,* 1-4,4,* Be,. (1_4,4,,)2 

2iB 2i4,'2B 
q- 1 -  th4,* t-(1-4,4,*)2 t-[B, M ] = 0  

Ne, + iAe, + [A, N ]  = 0 

Re, - iBe,, + [ B, R ] = 0 

Re,. + M - iAe,. 
2i4,A 

1 - 4 , 4 , *  

2 i 4 , * B  ~-[A, R] = 0 

N~. + M + iBe, 
2i4,A 

1 - 4 , 4 , *  

2i4,2B J-EB, N ] = O  
- -  k 1 - 4,4,2 
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2i05 2i052 [A, S] 
S~ + Q~E-F 1 - 0505* D,~ - 1 - 05052 Do2+ 

+[B, Q] +[D,  M] =0  

An important  solution for the functions A, B, D, etc., are found to be 

(16) 

whence M is given as 

M 

A - m  05* 
1 - 605" x l ( y )  + x9(y) 

B = m  
4, 

1-056" x3(y)+ x,o(y) 

i6;05______~ xl ( y ) + ix9( y ) N = I _  

-i05 
R - 1 - ~ *  x 3 ( y ) -  iXl~ 

1 
D = 1 - 0505------~ xs(y)  

(17a) 

1 
Q = 1-0505* x6(y) 

1 
S = 1-0505* xT(y) 

1 
T - (1 - 0505,)2 xs(y)  

i 0505* 
1 - 0505* (xl +x2 )4  (1 - 0505,)2 {3Xl - x 3 +  Ix1, x3]} 

i05" 
nt 1 --~05-"""""~ {2X1~ Ix1 '  Xl~ i[x9, Xlo ] 

i05 {2ix9 + [x9, x3]} (17b) 
4 1-0505" 

On substi tution of  these in equat ion (15) we are led to the following 
commuta t ion  rules for  the incomplete  Lie algebra: 

[Xs, Xs] = IX10 , X7] ~--- IX9, X6] ~- 0 

i[xs, Xg] = XT, x5 + [x5, xl] = 0 
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i[x,, X~o] = - x 6 ,  

[Xl ,  X6] + X 6 = 0 ,  

Ix3, Xs] + 2x8 = 0, 

[xg, xs] + [xs, x d  = o, 

xs + [xs, x3] = 0 

x7 + [x3, x7] = 0 

[ X l ,  X8] "~- 2x8 = 0 

[X~o, x d  + [x~, xT] = 0 

(18) 

Closer of the Algebra 

For  obta ining the closed Lie algebra we invoke the scaling t ransforma-  
t ion symmet ry  of  equat ion (1) (Shadwick,  1980). It is easily see that  the 
equat ion remains  invar iant  under  t '~  h2t, x'+ hx and ~b'~ ~b, whence  for  
invar iance o f  to = dy + G dx + F dt we must  have F ~ A-1F, G + h -1 (3, which 
immedia te ly  leads to the fol lowing i somorph i sm of  the generators:  

X ~ X l ,  Xt3~X9, Xg~X9, X~oZ:~Xlo 

Xr5Z:::::~ AX5, Xt6~ AX6, X ~  AX7, X 8 ~ A 2 X 8  

Impos i t ion  o f  these proper t ies  on the commuta t i on  rules immedia te ly  sug- 
gests 

Exs, x81 = [x6, x81 = Ex7, x81 = 0 (19) 

Fur thermore ,  the structure o f  the Jacobi  identities suggests that  we use 

X 1 ~ X 3 ~ X9 = Xl0 ~ X6 ~ --X7 

So finally we get 

I x 5 ,  X9] = ix6~ , IX5,  X6] = 0 

Ix1, x d  = xs, [xs, x d  = 0 

[ X l ,  X6] = X6: , [X8~, X6] = 0 

[x , ,  x8] = -2x8 ,  [x8, x9] "~- 0 

[ X l ,  X9] = 0 ,  IX9,  X6] ~--- 0 

Further  simplification can be obta ined by setting 
representa t ion  is obta ined  as 

x 1 = 1 , x5 = 0 

0 - 0 

X 6 = 0 , X 9 = 0 

0 0 

So one can write down a matr ix  form of  the Lax pair. 

(20) 

Xs=0.  Whence  a 3 x 3  

(21) 
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The Multiple Scale Transform 

The equation studied above is usually studied with the linear part 
replaced by a Kle in-Gordon operator O~- 0~, and such equations are known 
to be variants of nonlinear o--models. But in our case due to the occurrence 
of the Schr6dinger operator iOt+O 2 in the linear part we here analyze a 
possible connection of such an equation is known integrable system via an 
approach of Zakharov et al. Let us set 

4~ =x/-N e i* 

Then the real and imaginary parts of  (1) are 

N, + 2(O/Ox)(NV) = 0 

where V = 6x and 

B,t+~N- Nx-~Nx , ,+O 2 1 - N  N Nx+N~b~ =0  (22) 

Now, according to Zakharov and Kuznetsov (1986), we make a scale 
transformation of the form 

x'= ~(x- t) 
t' : 8 3 t 

N = 1+ ~ ~ 2knk(X', t') (23) 
k = l  

V = ~, E2ki)k(X ', t ')  
k = l  

~b = - t +  Y, e2k-l~bk(X ', t') 
k = l  

where e is a small parameter; collecting powers of e s, we immediately obtain 
1 nl,,+ nlnlx,-anlx,~,~,=O (24) 

with 21/1 = - n l .  Equation (24)is  nothing but a form of KdV equation. So, 
as suggested by Zakharov et al., if the transformation (23) is performed on 
an integrable system, then another integrable system is obtained. On the 
other hand, sometimes new integrable systems may come from nonintegrable 
systems through (23). 
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